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The net evaluation is shown in the lower right corners of the corresponding cell

u\v px) 27 30 50
22 | 8

0 23 27 16 18

[14] [32
| 27 | [ 13 |
.10 12 17 20 51 |
[1 11
| 12 | 41 |
-18 2 28 12 32
17 .19
22 35 25 a1

53

123

Now the net evaluation 32 is most positive and is at the cell (1, 4). Now considering
the loop starting from (1, 4), by adding and subtracting 0 to the cells, we observe that
value for 6 can be chosen from cells assigned by - 8 in the loop so as not to get any
negative allocation for any of the cells.

[22 | 8-0.1 »|e+0
23 27 16 18 30
[14] {32
27 +0 13-0
12 17 20 51 40
[1 .11
1246 ] 41-90
22 28 12 32 53
17 -19
22 35 25 41 123

Choosing 6 = Min {41, 13, 8} = 8 which is allocated for the cell (1, 2) in the loop,
thus (1, 4) should enter the basic and (1, 2) should leave from the basic. Thus we have the’
following improved basic feasible table

Table -1

The new cost of the schedule is

22 | | 8 |
23 27 16 18 30
. 35 | 5 |
12 17 20 51 40
20 | 33 ]
22 28 12 32 53
22 35 25 41 123

Z=22%x23+8x18+35x17+20x% 15 +20x 12 + 33 x 32 = 2819 (improved).
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Second iteration
Basic variable | i | j €=UtV Solution
i g
X 1{1] 23=04+v v =23
1 1 1
x 114)] 18=0+v v =18
14 4 4
X 314|32=u+18]u =14
34 3 3
X 313]12=14+v v =-2
33 3 3
X 213 20=u -2 u =22
2 2 2
212117=22+v | v =-5
2 2 2
Non-basic variable | i | j z=u+v ‘¢ | Net evaluation
ij i if z-c
i i
112|u+v=0-5=-5 27 -32
12 1 2
X 113 u+v=0-2=-2 |16 -18
13 13
X 211 u2+v‘=‘22+23=45 12 33
X 214 |u+v=22+18=40] 51 -11
24 2 4
X 311 u+v=14+23=37|22 15
31 31
X 312 u+v=14-5=9 |28 -19
32 3 2

Non-basic cell (2, 1) is most positive. Now considering the loop starting from (2, 1), by adding
and subtracting 6 to the cells, we observe that value for 6 can be chosen from cells assigned
by - 6 in the loop so as not to get any negative allocation for any of the cells.

Y 23 5 2 18
22-04 8+0
23 27 16 18 30
0 232 -18
T — 5.0..]
22 12 | 17 20 51 40
[33 .11
20+61] 33-9
14 22 | 28 12 32 53
[15] -19
22 35 25 41 123

Choosing 0 = Min {22, 33, 5} = 5 which is allocated for the cell (2, 3) in the loop,
thus (2, 1) should enter the basic and (2, 3) should leave from the basic. Thus we have the
following improved basic feasible table

Table - 2
17 | 13 |
23 27 16 18 30
5 ] 3|
12 17 20 51 40
25 | 28 |
22 28 12 32 53

22 35 25 41 123
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The cost of the new schedule is Z = 17x23+13x18+5x12+35x17+25x12+28x32 = 2476.
Third iteration

The multipliers and the corresponding net-evaluations are shown in the following table.

30

40

s3

u\v 23 28 2 18

(17] 3
0 23 27 16 18

[1] -18
[ 5 | 35 |
-11 12 17 20 51
-33 [44]
25 | | 28 |
14 22 28 12 32
[15] [14]

22 35 25 41

123

Non-basic cell (3, 1) is most positive. Now considering the loop starting from (3, 1),
by adding and subtracting  to the cells, we observe that value for 6 can be chosen from
cells assigned by - 0 in the loop so as not to get any negative allocation for any of the

cells.

17-9-] 13+0

23 27 16 18 30
[1] [-18
5] 35 ]
12 17 20 51 40
233 [-44]
< 35 28-0
22 28 — 12 289 | 32 53
[15] [147]

22 35 25 41 123

Choosing © = 17 which is allocated for the cell (1, 1) in the loop, we have the cell
(3, 1) should enter the basic and (1, 1) should leave from the basic. Thus we have the
following improved basic feasible table

Table -3

30 |
23 27 16 18 | 30
N E
12 17 20 51 | 40
7 35 i1 ]
2 28 12 32 |53
p7) 35 pL] 123

The cost of the improved schedule is Z = 30x18+5x12+35x17+17x22+25x12+11x32 = 2221

Fourth iteration

The multipliers and the corresponding net-evaluations are shown in the following table.
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u\ v 8 13 2 18
30 |
0 23 27 16 18 30
[8] -14 -18
5 | 35 |
4 12 17 20 51 40
-18 [-29
17 | 25 | (11 |
4 [ 22 28 12 32 53
[
22 35 25 41 123

The net evaluation is non-positive for each cell. Hence the optimal solution is
reached. The optimal value of the schedule is Z = 2221.

Example 2. Stating with Vogel’s method, find the optimal solution using MODI

method for the following problem given in tabulated form. Also find the minimum
cost for the schedul_e.

Source 1 2 3 4 Availability
| _Destination -
1 10 2 20 11 15
2 12 7 9 20 25
3 4 14 16 18 10
Requirement 5 15 15 15
Solution:
Step 1. The basic feasible solution to the given TP using Vogel's method is shown in the
following table.
Table -1
Source 1 2 3 4 Availability
{ Destination
15 |
1 10 2 20 11 15
15 | 10 |
2 12 7 9 20 25
| ° ]
3 4 14 16 18 10
Requirement 5 15 15 15 50

The cost of the corresponding schedule is Z = 2X15+9x15+20x10+4x5+18x5 = 475.
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Step 2. There are 5 cells for which the allocation is made and m + n—1=4+3 — 1 = 6. Hence
m+n—1#35, the number of occupied cells. Thus, we produce a small positive assignment € (=
0) to the cell (1, 1), so that the number of occupied cells is exactly equal tom +n— 1.

Source 1 2 3 4 Availability
4 Destination .
15 |
1 10 2 20 11 15+¢
[ I 15 ] 10 |
2 12 7 9 20 25
| * ]
3 4 14 16 18 10
Requirement "5 15+¢ - 15 15 50

Step 3. For each occupied cell (corresponds to basic variables) in the current solution,
computing multipliers u and v, _using the (4, v) equation c,=u+v, with u = 0, we write

u mtheleﬁofﬂ\econespondmgrowsandmatofv onthetopofthesunplextableas

v 1 2 4 15
u Source 1 2 3 4 Availability
‘| { Destination
15 |
0 1 10 2 20 11 15
[ e | 15 | 10 |
5 2 12 7 9 20 25+¢
° | [ ° ]
3 3 4 14 16 18 10
Requirement 5 15+¢ 15 15 50

Step 4. For each unoccupied cells (corresponds to non-basic variables), finding the net
evaluation z, ~c, =4 v -c, and entering these in the lower right corners of the

corresponding cells

v 1 2 4 15

AL
u Source 1 2 3 4 Availability
' | 4 Destination

15 |
0 1 10 2 20 11 15
[9] -16 [4]
] 18] 0]

5 2 12 7 9 20 25+¢

Requirement 5 15+¢ 15 15 50
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Step 5. The net evaluation is not negative or zero for all non-basic variables. The most
positive net evaluation is 4, which is at the cell (1, 4) Starting from the cell (1, 4)
selected above, we get a loop as follows:

v 1 2 ] 4 15
u Source 1 2 3 4 Availability
{ Destination

13-8-] N

0 1 10 2 20 1 15

[9] & -16 & [4]

- 15 10-9

5 2 12 i 7 9 20 25+¢

1 [°]

Requirement 5 15+¢ 15 15 50

Adding and subtracting interchangeably the quantity 6 = minimum of the allocations
in the cells lies in the loop = 10 (except dummy allocation”), to and from the transition
cells of the loop in such a way that the rim requirements remains satisfied, we get

v
z
u Source 1 2 3 4 Availability
"| ! Destination
EE 10
1 10 2 20 11 15
€+ 10 I 15 l
2 12 7 9 20 25+¢
] | ]
3 4 14 16 18 10
Requirement 5 15+¢ 15 15 50

The cost of the new schedule is Z = 2x5+10x11+10% /+15x9+5x4+5x18 = 435" (improved).

Step 3. For each occupied cell (corresponds to basic variables) in the current solution,
computing # and v using the uv-equation ¢, =% + v, with u = 0 and then computing
i J

the net-evaluation of non-basic cells as above we get.

* Care should be taken while choosing the dummy cell, the degeneracy may occur while subtracting 6, the dummy cell in
the loop should not include € - 6.
** Here we take € - 0.
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v 3 2 a 1
1
u Source 1 2 3 4 Availability
"1l Destination
| 5 | 10 |
0 1 10 2 20 11 15
-13 -16
e+ 10 I 15 I .
5 2 12 7 ! 9 20 25+ ¢

5] S |

7 3 4 14 16 18 10

[

Requirement 5 15+¢ 15 15 - 50

The net-evaluations for the non-basic variables are all non-positive. Hence the
optimal solution is reached. The cost of the schedule is Z = 435 is the optimal value of
the TP and the optimal solution is:

“Transfer 5 units from source 1 to destination 2; 10 units from suvurce 1 to
destination 4; 10 units from source 2 to destination 2; 9 units from source 2 to destination
3: 5 units from source 3 to destination 1 and S units from source 3 to destination 4’.

Example 3: Solve the following transportation problem using Northwest-corner
Rule for initial solution, whose cost is to be minimized:

1 I m IV | Supply

A 13 11 15 20 2,000
B 17 14 12 13 6,000
C 18 18 15 12 | 7,000

Demand | 3000 | 3000 | 4000 ; 5000

Solution: Using northwest-corner rule; the initial basic feasible table is
Table - 0

2000 |
13 11 15 10 2000
17 14 12 13 6000
| 2000 | | 5000 |
18 18 15 12 7000
3000 3000 4000 5000 15000

The cost corresponding to the schedule is
Z =13 x 2000 + 17 x 1000 + 14 x 2000 + 12 x 2000 + 15 x 2000 + 12 x 5000 = 1,99.000
First iteration using MODI method:

Computing the multipliers and net evaluations we have.
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uW 13 10 8 5
2000 |
0 13 11 15 10 2000
. [1] [7] .15
1000-@ 1 200049
4 I 17 14 I 12 13 6000
- [4
+0 4 2000-0 | 5000 |
7 18 18 15 12 7000
[2] [
3000 3000 4000 5000 15000 | -

Net evaluations for all the non-basic variables are not all non-positive. The largest
positive evaluation is 2 and is at the cell (3, 1). Hence the cell (3, 1) should enter the
basis. Further the maximum possible value for 8 is 1000 allocated for the cell 2,0,
hence (2, 1) should leave the basis. The improved feasible table is

Table - 1
[ 2000 |
13 11 15 10 2000
[ 3000 | | 3000 |
17 14 12 13 6000
1000 | 1000 | 5000 |
18 18 15 12 7000
3000 3000 4000 5000 15000

The cost of the corresponding schedule is
Z =2000x 13 + 1000 x 18 + 3000 X 14 + 3000 x 12 + 1000 X 15 + 5000 x 12 = 197,000
Second iteration:

Compilting multipliers and net evaluations we get

uv | 13 12 10 7
2000-0 T ........ Se——" +0 4
0 13 11 15 10 2000
[1 [5 [3
3000-6 300046 |
2 17 14 12 13 6000
[-2 [4
100040 | 1000-6 5000 |
5 18 18 15 12 7000
-1
3000 3000 4000 5000 15000

Net evaluations for all the non-basic variables are not all non-positive. The largest
positive evaluation is 1 and is at the cell (1, 2). Hence the cell (1, 2) should enter the
basis. Further the maximum possible value for  is 1000 allocated for the cell @3, 2),
hence (3, 2) should leave the basis. The improved feasible table is
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Table — 2
1000 | [ 1000 ]
13 11 15 10 2000
| 2000 | | 4000 |
17 14 12 13 6000
[ 2000 | 5000
18 18 15 12 7000
3000 3000 4000 5000 15000

Z. = 1000 x 3 + 1000 x 11 + 2000 % 14 + 4000 x 12 + 2000 x 18 + 5000 x 12 = Rs. 1,96,000
Third iteration:

Computing multipliers and net evaluations we get

Vv 13 11 9 7
1000 | 1000 |
0 13 11 15 10 2000
[ [3]
2000 | 4000 |
3 17 | 14 12 13 6000
[1] [3]
2000 | 5000 |
5 18 18 15 | 12 7000
[2] [-1]
3000 3000 4000 5000 15000

Net evaluations for all the non-basic cells are non-positive. Hence the optimal solution is
reached and the minimum cost of transfer is Rs. 1,.96,000. Further the optimal schedule;

Transfer 1000 units from A to I, 1000 units from A to II, 2000 units from B to I, 4000
units from B to III, 2000 units from C to I and 5000 units from C to IV. That is

[x” = 1000, x , = 1000, x , = 2000, x , =4000,x_=2000andx, =35

Example 4. A company manufacturing air coolers has two plants located at Bangalore
and Bombay with a weekly capacity of 200 units and 100 units respectively. The
company supplies air-coolers to its 4 showrooms situated at Mangalore, Bangalore,
Delhi, and Goa which are have a demand of 75, 100, 100 and 25 units respectively. Due
to the differences in local taxes, showroom charges, transportation cost and others, the
profit differ. The profits (in Rs) are shown in the following table:

To
From
Mangalore | Bangalore | Delhi | Goa
Bangalore 90 90 100 | 100
Bombay 50 70 130 | 85

Plan the production program so as to maximize the profit. The company may
have its production capacity at both plants partially or wholly unused.
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Given problem in tabulated form is: Maximize Z so that

Mangalore Bangalore Delhi Goa
Bangalore 90 90 100 100 200
Bombay 50 70 130 85 100
75 100 100 25 300

Finding a initial feasible solution using northwest-corner rule: we get

Table - 0

75 | 100 | 25 |
90 90 100 100 200
75 | 25 |
50 70 130 85 100
75 100 100 25 300

Profit from this schedule is Z = 6750+9000+250+9750+2125 = 27875
Applying MODI method: m+n—-1=2+4-1=5 = number of occupied cells.

ui\vl 90 90 100 55
AI 100 I 25.9 10’ %0
0 90 90 100 100
-45
7540 | 25-0 |
% 30 70 130 85
70 [50
N 100 100 25

200

100

300

Since the objective is to maximize, choosing the most negative evaluation — 45
assigned to the cell (1, 4), we have, the cell (1, 4) should enter the basis. Choosing 6 =
25 we observe that two cells namely ((1, 3) and (2, 4) leave the basis. Thus allocating an
allocation € > 0 to one of the cell say (1, 3) so as to meet the condition m + n — 1 =
number of occupied cells, and leaving the cell (2, 4) from the basis we get.

Table -1

75 | 100 l 25
90 90 100 100 200
100 [ |
50 70 130 85 100+¢
75 100 100 25+¢ 300

Profit from the schedule is Z = 6750 + 9000 +250 + 13000 =31250.
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ui\vj 92 100 145 100
75 | 100 25
0 90 90 100 100 200

[45]
100 | e |

-15 50 70 130 85 100+¢
25 15

75 100 100 25+¢ 300
Since the net evaluation is non-negative for each of the nonbasic cells. The optimal
solution is reached. The maximum profit is Rs. 31250. To achieve the profit; showroom
at Mangalore should sell 75 coolers taking from the factory located at Bangalore,
showroom at Bangalore should sell 100 coolers receiving from Bangalore, showroom
located at Delhi should sell 100 coolers receiving from Bombay, and the showroom at
Goa should sell 25 coolers buying from the factory located at Bangalore.

3.9 Unbalanced Transportation Problems

If the TP is not balanced, then we have introduce dummy sources or sinks to make it
balance, which can be best explained with the help of following examples:

Month | Contracted sales Maximum production Unit cost of production
1 20 40 14
2 30 50 16
3 50 30 15
4 40 50 17

How much should the manufacturer produce each month to minimize total cost?
Solution: Given data in the standard TP table is:

Month 1 2 3 4
1 0+14 1+14 2+14 3+14 40
2 oo 0+16 1+16 2+16 50
3 oo oo 0+15 1+15 30
4 oo oo oo 0+17 50
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Note: In the above table we assign a cost « to some cells’, which indicates the
impossibility in supply of goods manufactured in the present month to the last month.
Further the total cost of each month is the sum of cost of the month and the storage cost.
Hence the table is not balanced.

The modifi.d balanced table of the above problem by introducing a dummy column

is:

14 15 16 17 0 40
© 16 17 18 0 50
o o 15 16 0 30
) ) . 17 0 50
20 30 50 40 30 170

Finding a initial basic feasible solution using northwest-corner rule:

Table—-0
20 | 20 |
14 15 16 17 0 40
10 | 40 |
@ 16 17 18 0 50
10 ] | 20 |
) © 15 16 0 30
20 | 30 |
© ® o 17 0 50
20 30 50 40 30 170

There are 8 occupied basic cells and m +n—1=4+5—1 = 8. Hence the table satisfy

the condition m + n — 1 = not the basic cells.

The cost of the schedule is Z = 280-+300+160+680+150+320+340+0 = Rs. 2230

* Some authors take it as M, where M is very large positive number.
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MODI iteration:
First iteration:
v ' 14 15 17 18 1
20 | 20
0 14 15 16 17 0 40
__[1 [1] [1
| 10 | l +9
1 oo 16 17 18 0 50
[=] [T1] [27]
1 12059 |
2 oo o 15 16 0 30
I =00 I -00 I '1
f 30-9 |
-1 oo oo oo 17 0 50
l -00 =00 =00
20 30 50 40 30 170

The largest positive net evaluation is 2 and is at the cel]
enter the basis. Further the maximum

possible value for 0 is

(2, 4) should enter the basis and (3, 3) leave the basis. The improved feasible table is
Table - 1
20 20
14 15 16 17 0 40
10 | 20 | [ 20 |
oo 16 17 18 0 50
30 [
o0 oo 15 16 0 30
40 | 10 |
oo oo oo 17 0 50
20 30 50 40 30 |[170 ,
Cost of the new schedule is Z= 280+300+l60+340+450+680 =2210.
Second iteration:
ul\vj 14 15 16 16 -1
20 20
0 14 15 16 17 0 40
| [ [ [
| 10 | 20 | | 20 |
1 oo 16 17 18 0 50
-ve | 0 r-l—
30 |
-1 oo oo 15 16 0 30
-ve -ve [1] [2]
| 40 | | 10 |
=ve -ve -ve
20 30 50 40 3 [170

(2, 4). Hence the cell (2, 4) should
20 allocated for the cell (3, 3), hence



214 A Textbook of Numerical Methods and Linear Programming

The net evaluation is non-positive from each cell. Hence the optimal solution is reached.
The optimal value is Z = 2210 and the optimal solution

20 ] 20 [
14 15 16 17 40
{0 [-1
10 | 20 ]
® 16 17 18 30
-ve I 0 | 51
30 [
© © 15 16 30
-ve -ve [ -1
40 [
® © © 17 40
-ve -ve -ve
20 30 50 40 140

That is, 40 units should be produced in the first month and 20 should be delivered in
that month, 30 units should be produced in the second month and 30 should be delivered
in the second month, 30 units should be produced in the third month and 50 should be
delivered in the third month, and, 40 should be produced in the fourth month and 40
should be delivered in the fourth month. Thus

Month | Production | Sales
1 40 20
2 30 30
3 30 50
4 40 40

Example 6. A company has 4 warehouses and 3 stores. The surplus in the
warehouses, the requirements of the stores and costs (in Rs.) of transporting one
unit of the commodity be transported so that the total transportation cost is a
minimum? Obtain the initial program by applying the least-cost method:

Warehouse Store Supply
1 2 3
1 7 5 9 30
2 7 8 14 40
3 4 10 5 20
4 11 8 12 80
Requirement | 30 | 40 | 100 170

Solution:

One of the initial feasible solutions, using least cost method is;
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Table -0
30 |
7 5 9 30
10 | 10 | 20 |
7 8 14 40
20 |
4 10 5 20
| 80 |
i1 8 12 80
30 40 100 170

Cost of the schedule is Z = 150+ 70+80+280+80+960=1620

First iteration: The multipliers and the corresponding net evaluations are shown in the
following table.

uw 4 5 11
30 |
0 7 5 9 30
[3 (7]
1040 i] 10°7] 20-0 |
3 7 8 14 40
20-6 ] > |6+
0 4 10 5 20
[ [6]
80 |
-1 11 | 8 12 80
[3] 4]
30 40 100 170

Most positive is 6 at (3, 4). (3, 4) should enter the basic. By taking 6 = 20, we
observe that the cells (3, 1) and (2, 3) leave the basic. The new solution is
Table -1

[ 30 |
7 5 9 30
30 | 10 |
7 8 14 40
20 |
4 10 5 20
80 |
11 8 12 80
30 40 100 170

Cost of the new schedule i1s Z = 150+210+80+100+960=1500

Further, Finding the multipliers and the corresponding net evaluations we get,
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u\v 4 8 9
30| - [ e |
0 7 s 9 30
[3]
0] 0]
3 7 8 14 40
[Z]
%]
-4 4 10 s 20
[4] [9]
0]
3 1 8 12 80
=] [0]
30 40 100 170

Since net evaluation is non-positive for all nonbasic cells the optimum value is
reached. The optimal value is Z = 1500. '

Example 7. In the unbalanced transportation problem in the following table, where
the numbers indicate the transportation cost, if a unit from a source is not shipped
out (to any destinations), a storage cost is incurred at the rate of Rs. 5, Rs. 4 and Rs.
3 per unit for source 1, 2, and 3, respectively. If additionally all the supply at source
2 must be shipped out completely to make room for a new product, determine the
optimum-shipping schedule.

1121120
314|514
21313130
30 20 20
Solution: Given TP in tabular form is
Destination 1 2 3 4
Source 1 1 2 1 5 20
Source 2 3 4 5 u. 40
Source 3 2 3 3 3 30
30 20 20 20 90

Destination - 4 denote the undelivered goods. Finding initial basic feasible solution
using northwest — corner rule we get;

Table - 0
20 [
1 2 1 s 20
10 ] 20 | 10 |
3 4 5 oo 40
10 | 20 |
2 3 3 3 30
30 20 20 20 %

" here we introduce o to make the room available for the new product.
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Cost of the schedule is Z = 20+30+80+50+30+60 = 270.
Applying MODI-method: Initial iteration is

u\v 1 2 3 3
20-0 | +9
0 1 2 1 5 20
(o] rz =
10+0 20 | 10-0 |
2 3 4 5 @ 40
-ve
10 ] 20 |
0 2 3 3 3 30
1] [T]
30 20 20 20 90

The cell (1,3) is most positive, Forming a loop from (1, 3) we have 8 = 10. Thus 1, 3)
should leave the basic and (1, 3) should enter the basic. Improved schedule is given by

[ 10 | 10 |
1 2 1 5 20
20 | 20 |
3 4 5 © 40
10 | 20 |
2 3 3 3 30
30 20 20 20 %

The cost of the corresponding schedule is Z = 10+10+60+80+30+60 = 250.
Further the net evaluation for this schedule is

u\y 1 2 1 1
[100 10+9 ]
0 1 2 1 5 20
[o] [4]
[ 2046 | [ 206 |
2 3 4 S © 490
2] -ve
+0 106 __io_]
2 2 3 3 3 30
S o
LY
30 20 20 b ]

Second iteration: The net evaluation for the cells (3,1) and (3,2) are most positive. Thus
(3, 2) should leave the basic (choice is arbitrary). The value of @ is = 10. Hence (3, 2) should enter
the basic and both (1, 1) and (3, 3) should leave the basic. The improved schedule is

20 I
1 2 1 5 20
30 | 10 ]
3 4 5 ) 40
| 10 | [ 20 |
2 3 3 3 30
30 20 20 20 90

The cost of the new schedule is Z = 20+60+80+20+60 = 240.
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Finding net evaluation, by introducing a new basic cell say (1,4) (since m +n — 1 #
number of occupied cells),

1 2 1 2
e T [20] /
0 1 2 1 5 20
[o] [3
30 | 10 | -
2 3 4 5 oo 40
[2] [—ve
[ 10 | 20 |
1 2 3 3 3 30
[0] [
30 20 20 20 %0

The net evaluation for each nonbasic cell is non-positive. Hence the 6ptimal solution is
reached. The optimal value is 240. The optimal schedule is

1 2 3
1| -120]-
2|30([10] -
3 -110]-

Example 8. Three refineries with daily capacities 6, 5 and 6 million gallons
respectively, supply three distribution areas with daily demands of 4, 8 and 7 million
gallons, respectively. Gasoline is transported to the three distribution areas through
a network of pipelines. The transportation cost is Rs. 10 per 1000 gallons per
pipeline mile. The following table gives the mileage between the refineries and the
distribution areas. Refinery 1 is not connected to distribution area 3. Solve the TP
with the condition that the distribution area 1 must receive all its demand and any
shortage at areas 2 and 3 will incur a penalty of Rs. 5 per gallon.

Distribution Area
1 2 3
1 120 180 --
Plant 2 300 100 80
3 200 250 120
Solution: The given TP in tabular form is
0.01x120 0.01x180 o 60,00,000
0.01x300 0.01x100 0.01x80 50,00,000
0.01x200 0.01x250 0.01x120 60,00,000
o 5 5 20,00,000
40,00,000 80,00,000 70,00,000 90,00,000

Finding a initial basic feasible schedule using northwest-corner rule we get
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Table -0
40,00,000 20,00,000
12 18 ®©
50,00,000
3 1 0.8
10,00,000 50,00,000
2 25 1.2
20,00,000
© 5 5
40,00,000 80,00,000 70,00,000

Cost of the schedule is
Z = 48,00,000+36,00,000+50,00,000+25,00,000+60,00,000-+1,00,00,000 =3,19,00,000
Applying MODI method: First iteration is

u\w

60,00,000

50,00,000

60,00,000

20,00,000

90,00,000

1.2 1.8 0.5
40,00,000 70,00,000
0 12 1.8 w 60,00,000
-ve
50,00,000
0.8 3 1 038 50,00,000
26 0.38
10,00,000-0 50,00,000+0
0.7 2 2.5 12 60,00,000
[0
+0 20,00,000-9
45 © 5 5 20,00,000
e (73]
40,00,000 30,00,000 70,00,000 90,00,000

The net evaluation to the cell (4, 2) is most positive. Hence (4, 2) should leave the basic. Now
forming a loop starting from (4, 2) we get 8 = 10,00,000. Adding and subtracting 6 from

and to the cells so as to meet the rim requirements we get the following improved schedule.

40,00,000 20,00,000
1.2 1.8 o 60,00,000
50,00,000
3 1 0.8 50,00,000
40,00,0000
2 25 12 60,00,000
10,00,000 10,00,000
© 5 5 20,00,000
40,00,000 80,00,000 70,00,000 90,00,000

Cost of the schedule is

Z = 48,00,000+36,00,000-+50,00,000+48,00,000-+50,00,000+50,00,000 =2,82,00,000
Finding multipliers and net evaluation corresponding to this schedule we get,

219
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v 12 1.8 18
40,00,000 20,060,000
° 12 1.8 % 60,00,000
| -ve
50,00,000-0 +0
08 3 1 0.8 50,00,000
2.6 [o2
40,00,0000
0.6 2 25 1.2 60,00,000
14 13
10,00,000+0 10,00,0000
32 © 5 5 20,00,000
-ve
40,00,000 80,00,000 70,00,000 90,00,000

The net evaluation is most positive for the cell (2, 3). Hence forming a loop from (2,3)
we get 6 = 10,00,000. The improved schedule is

40,00,000 20,00,000
12 . 1.8 o 60,00,000
30,00,000 10,00,000
3 1 0.8 50,00,000
10,00,0000
2 25 12 60,00,000
20,00,000
© 5 5 20,00,000
40,00,000 80,00,000 70,00,000 90,00,000
Cost of the new schedule is '

Z = 48,00,000+36,00,000+40,00,000+8,00,000+48,00,000-+1,00,00,000 = 2,80,00,000
Net evaluation for this schedule is

»\y 1.2 1.8 1.0
40,00,000 20,00,000
0 1.2 18 © 60,00,000
-ve
40,00,000 10,00,000
0.2 3 1 0.8 50,00,000
| -2
40,00,0000
0.2 2 2.5 1.2 60,00,000
l 0.6 l -0.5
20,00,000
32 © 5 5 20,800,000
-ve -0.8
40,00,000 80,00,000 70,00,000 90,00,000

Thus net evaluation for every nonbasic cells is zero. Hence optimal solution is reached.
The optimal value is Rs. 2,80,00,000 and the optimal solution is

Plant

Distribution Area
1, 2 3
1 40,00,000 20,00,000 -
2 0 40,00,000 10,00,000
3 0 0 40,00,000
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Example 9. Three orchards supply crates of oranges to four retailers. The daily
demand amounts at the four retailers are 150, 150, 400 and 100 crates, respectively.
Supply at the three orchards is dictated by available regular labor and are
estimated at 150, 200 and 250 crates daily. However, both orchards 1 and 2 have
indicated that they could supply more crates, if necessary, by using overtime labor
with normal wages. Orchard 3 does not offer this option. The transportation costs
per crates from the orchards to the retailer are given in the following table.
Formulate the problem as a transportation model and hence using MODI method
estimate the number of crates should orchards 1 and 2 supply using overtime labor
in order to minimize the cost. What can you say if the overtime laborers wage is
double the normal wage?

Retailer
112134
1]1(2(13]2
Orchard (224112
3(1{3]5]3

Solution: Given problem in tabular form after introducing a dummy row to meet the rim
condition is given below:

1 2 3 4
1 1 2 3 2
2 2 4 1 2
3 1 3 5 3
' 0 0 0 0
150 150 400 100 800
Initial solution using northwest comer rule is:
Table -0
150
1 2 3 2 150
150 50
2 4 1 2 200
250
1 3 5 3 250
100 100 .
0 0 0 0 200

150 150 400 100 800
Cost of the schedule is Z = 150 + 600 + 50 + 1250 = 2,050.

Applying MODI method to improve the solution we get
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Initial iteration:
uw 1 2 -1 -1
[ 1506 ] [ e+0 ]
0 1 2 3 2 150
4 3]
[ 150-6 | | 5040 |
2 2 4 1 2 200
1] [1]
+6 [ 2506 |
6 1 3 5 3 250
[e] 3] 7]
[ 100 ] [ 100 ]
1 0 0 0 0 200
- 2 [3]
150 150 400 100 800

The net evaluation is most positive for the cell (3, 1). Hence forming a loop starting from
(3, 1) we get 0 = 150. The improved schedule is

Table -1
[ 150 |
1 2 3 2 150
[ 200 |
2 4 1 2 200
[ 150 | [ 100 |
1 3 5 3 250
[ 100 | | 100 |
0 ()} 0 0 200
150 150 400 100 800

Cost of the new schedule is Z = 300 + 200 + 150 + 500 = Rs. 1,050.
Finding multipliers and the corresponding net evaluations for the new table we get.

1w 2 2 2 2
150 e |
0 1 2 3 2 150
[37] [
[ 200 ]
-1 2 4 1 2 200
[5] 3 1]
150 | 100-0 +0 |
3 1 3 5 3 250
[27] [27]
100+6 | 100-6 |
2 0 0 0 0 200
[4] [0
150 150 400 100 800

The net evaluation is most positive for the cell (3, 1). Hence forming a loop starting from
(3, 1) we get 0 = 100. The improved schedule is
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Table - 2

150 €

1 2 3 2 150

: 200
2 4 1 2 200

150 100

1 3 5 3 250

200
0 0 0 0 200
150 150 400 100 800

Cost of the new schedule is Z = 300 + 200 + 150 + 300 = Rs. 950.

Finding multipliers and the corresponding net evaluations for the new table we get

u\v

0

-3

0 2 3 2
150 [ € | € |
1 2 3 2
[1]
[200 ]
2 4 1 2
4] [4] [2]
150 I 100 I
1 3 5 3
[0 [1]
200 l
0 0 0 0
=N En
150 150 400 100

150

250

200
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Net evaluation is non-positive for all the cells hence an optimal solution is reached.
The minimum cost of the schedule is Z = 950. Further we observe that the detailer 3 will
not receive completely the desired crates of oranges as a dummy orchard supplies 200
units. Physically this orchard is absent. Thus these 200 units can be supplied to the
detailer 3 by the orchard 2 at a minimum cost of Rs. 200. The total cost of the new
schedule by meeting all the demands of the retailer is now Rs. 950 + Rs 200 = Rs. 1,150.
We show now this schedule is again optimal by applying MODI method again to the new

schedule as:
u\y

0

0 2 3 2
150 ] € [ € ]
1 2 3 2
[} [0] [0] [0
200 |
2 4 1 2
[] [ [o| [2]
150 | 100 |
1 3 5 3
[0] [0 ] 1] [0]
150 150 400 100

150

400

250

The net evaluation for all the cells is non-positive. Hence the conclusion is valid.
Thus the orchard 2 only should supply 200 more crates of oranges to the detailer 3 by
using overtime labor. Finally if the labour cost is double the normal rate for overtime,
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then also the solution is same as orchards manufacturing cost of 200 crates is Rs. 2 x.
200 = 400 and that of orchard 1 is Rs. 3 x 200 = Rs. 600 (observe?).

3.10 Transshipment Model

The transshipment model recognizes that in real life it may be cheaper to ship
through intermediate or transient nodes before reaching the final destination. This
concept is more general than the one advanced by the regular transportation model,
where direct shipments only are allowed between a source and a destination.

A transshipment model can be converted into a regular transportation model using
the idea of buffer.
Example 10. Two automobile plants, 4 and B are linked to three dealers 1, 2 and 3,
by way of two transit centers, X and Y according to the network shown in the
following figure. The supply amount at plant 4 and B are 1000 and 2000 cars, and
the demand amounts at dealers 1, 2, and 3, are 800, 900, and 300 cars respectively.
The shipping cost per car between pairs of nodes is shown on the connecting links of
the network. Find an optimum schedule.

—» 800

Solution: Transshipment occurs in the network in the above figure because the entire supply
amount of 2200 ( = 1000 + 1200) cars at nodes 4, and B could conceivably pass through any
node of the network before ultimately reaching their destinations at nodes 1, 2, and 3.

In this regard, the nodes of the network with both input and output arcs X, Y, 1, 2
acts as both sources and destinations, and are referred as transshipment nodes. The
remaining nodes are either pure supply nodes (i.e. A, B) or pure demand nodes (i.e. 3).
The transshipment model can be converted into a regular transportation model with six
sources X, Y, A, B, 1, and 2 and five destinations X, Y, 1, 2 and 3. The amounts of
supply and demand at the different nodes are computed as

Supply at a pure supply node = Original supply

Supply at a transshipment node = Original supply + buffer
Demand at a pure demand node = Original demand

Demand at a transshipment node = Original demand + buffer.

The buffer 4mount should be sufficiently large to allow all the original supply (or
demand) units to pass. through any of the transshipment nodes. Let K be the desired
buffer amount, then

K = Total supply (or demand) = 1000 + 1200 (or 800 + 900 + 500) = 2200

The equivalent regular transportation model is
X Y 1 2 3

A 3 4 - - - 1000
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B 2 5 - - - 1200
X 0 7 8 6 - K
Y - 0 - 4 9 K
1 - - 0 s - K
2 - - - 0 3 K
K K B06+K 900+K 500
The initial basic feasible solution starting with northwest corner rule we get, where M is very large’.
ww 3 4 5 10 13
| 1000 | [ € |
0 3 4 M M M
- -ve ~ve
ve I
1200
-1 2 5 M M M
I_T - -ve -ve
ve
2200 € I
3 0 7 8 6 M
[ 6 ] 7 | -ve
22 ] o0
o | ;
M- M 0 M ! 4 9
s
| 2 l M- M+ M-
9 1
800+0 1400-
I 8
5 M M 0 5 M
- -ve -ve
] [
1700_| 500 ]
-10 M M M 0 3
- e -
ve ve .
2200 2200 3000 3100 500
Choosing 6 = 1400, we get second iteration as
u\w 3 4 s 9-M 12-M
1000 t ]
] 3 4 M M M
~ve —ve [=¢]
1200
-1 2 ] M M M
[-2 -ve -ve -ve
2200-8 e+ |
3 0 7 8 6 M
6 -ve [ve
+0 800- | 1400 |
M-S M 0 M 4 9
[2 M-1 2]
2200
- M M 0 s M
[ve | “ve -ve -ve
1708 500 ]
M-9 M M M 0 3
[ 13 BT]
2200 1200 3000 3100 500

1200

2200

2200

2200

2200

1200

2200

2200

2200

2200

" here we take M instead of oo, because we cannot choose multipliers (observe). Also 0 indicates stock at the
junction ¢orresponding to the node.
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Choosing 6 = 800, we have the next iteration:

uv 3 4 5 8 11
1000-0 | e+d |
0 3 4 M M a M 1000
§ I -ve r—-\— -ve
1200_]
-1 2 5 M M M | 1200
[2 ] -ve [ve [ e
+0 1400-9 | 800 |
3 0 7 8 6 M 2200
3 5 [-ve
800 | 1400 |
4 M 0 M 4 9 2200
| -ve - | -ve | -2
2200 |
5 M M 0 5 M 2200
| -ve I -ve . I -2 [ ve
1700 500 |
$ M M M 0 3 2200
| -ve -ve I -ve
2200 2200 3000 3100 500
Choosing 6 = 1000, we get the next iteration:
uly -3 4 5 3 11
T 1000 ]
0 3 4 M M M 1000
I -ve I -Ve I -ve l -ve
1200
5 2 s M M M 1200
r 4 I -ve I -ve | -ve
1000 | 400-0_| 800 | +0
3 0 7 8 6 M 2200
l 5 l -ve
800+6 | 1400-0_|
4 M 0 M 4 9 2200
[ -ve [ve [2
2200 |
5 M . M 0 5 M 2200
| ve I -ve -2 I -ve
1700 500 |
8 M M ‘ M 0 3 2200
[ve [ve | -ve
2200 2200 3000 3100 500
Choosing 0 = 400, we have the next iteration:
uwy 2 4 10 8 11
1000
0 3 4 M M M 1000
| -1 -ve ] -ve | -ve
1200
0 2 5 M M M 1200
| 1000 | [ 800 | | 400 |
2 0 7 8 6 M 2200
1200 | 1000 |
4 M 0 M 4 9 2200
I -ve [ -ve | -2
2200 ]
-10 M M 0 5 M 2200
] -ve I ve I 7 I -ve
1700 500 |
- M M | M 0 3 2200
I -ve | -ve il
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Since the net evaluation is non-positive for each cell, an optimal solution is reached. The
optimal solution is

X Y 1 2 3
1000
A 3 4 - -
1200
B 2 ] - .
1000 800 T 400
X 0 7 8 6 -
1200 1000
Y 0 - 4 9
2200
1 0 5 -
1700 500
2 - 0 3

That is optimal network flow is

500

Optimal value Z = 1000x4+1200x2+800x8+400x6+100()x4+50x3 =20,700.
Stock at X is 0, Stock at ¥is 0, Stock at 1 is 0, Stock at 2 is 500, and stock at 3 is 0.

EXERCISES
1. Three electric power plants with capacities of 25, 40 and 30 million kWh. Supply
electricity to three cities, the maximum demands at three cities are estimated at 30, 35
and 25 million kWh. The price per million kWh at the three cities are given in table:

City
1 2 3

1 [Rs.600 Rs.700 Rs. 400

Plant 2 | Rs.320 Rs. 300 Rs. 350

3 | Rs.500 Rs.480 Rs. 450

During the month of August, there is a 20% increase in demand at each of the three cities,

which can be met by purchasing the electricity from another network at a premium rate of

Rs. 1000 per million kWh. The network is not linked to city 3, however. The utility

company wishes to determine the most economical plan for the distribution and the

purchase of additional energy. Determine the cost of the additional power purchased by
each of the three cities.

2. Solve the problem number 1 by assuming that there is a 10% power transmission loss
through the network.

3. Three refineries with daily capacities of 6, 5 and 8 million gallons, respectively, supply
three distribution areas with daily demands of 4, 8, and 7 million gallons respectively.
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Gasoline is transported to the three distribution areas through a network of pipelines. The

transportation cost is Rs. 10 per 1000 gallons per pipeline mile. The following table gives

the mileage between the refineries and the distribution areas. Refinery 1 is not connected
to distribution area 3.

Distribution area

1 2 3

1{120 180 ---

Plant 2 |300 100 80

31200 250 120

Determine the optimum-shipping schedule in the network.

Automobiles are shipped from three distribution centers to five dealers. The shipped cost
is based on the mileage between the sources and the destination, and is independent of

_ whether the truck makes the trip with partial or full loads. The following table

summarizes the mileage between the distribution centers and the dealers together with the
monthly supply and demand figures given in number of automobiles. A full truckload
includes 18 automobiles. The transportation cost for truck mail is Rs. 235.
Dealer
1 2 3 4 5  Supply
1(100 150 200 140 35 400
Center 2|50 70 60 65 80 200
3140 90 100 150 130 | 150
Demand 100 200 150 160 140

Determine the optimal shipping schedule.

The demands of essential commodities for the next four months are 400, 300, 420 and
380 tones respectively. The supply capacities for the same months are 500, 600, 200 and
300 tones. The purchase price per tone varies from month to month is estimated at Rs.
100, Rs. 140, Rs. 120 and Rs. 150 respectively. Because the item is essential
commodities, a current month’s supply must be consumed within three months (including
the current month). The storage cost per tone per month is Rs. 3. The nature of the item
does not allow returning back. Determine the optimum delivery schedule for the item
over the next four months.

Using northwest-corner rule, determine the optimal solution to the following:

of[2]1]6 ap)lol4]2]|8 Gip|-[3]5 |4 jGv[10]2 |20]11 )15
21115 19 2131415 71419 |7 1217 |9 {20]25
21413 15 112]0]6 11816 |19 4 | 1411618 |10
5§ 5 10 7 6 6 5 6 19 5 15 15 15

In the unbalance transportation problem given in the following table, if a unit from a
source is not shipped out (to any of the destinations), a storage cost is incurred at the rate
of Rs. 5, Rs. 4 and Rs. 3 per unit for sources, 1, 2 and 3 respectively. If additionally all
the supply at source 2 must be shipped out completely to make room for a new product,
determine the optimum-shipping schedule.

1 2 1 20

3 4 5 40

2 3 3 30
30. 20 20

A departmental store wishes to stock the following quantities of a popular product in
three types of container.
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10.

Container 1 2 3

Type
Quantity 170 200 180

Tenders are submitted by four dealers who undertake to supply not more than the

quantities shown below.

Dealer 1 2 3 4
Quantity 150 160 110 130
The store estimates that profit per unit bill vary with the dealer as shown below:

Dealer
1 2 314
1{ 8 9 6 | 3
Containertype | 2 | 6 11 5110
3|1 3 8 719

A company has received a contract to supply gravel for three new' construction projects
located in towns 4, B and C. Construction engineers have estimated the required amounts
of gravel which will be needed at these construction projects: '

Project location Weekly requirement
(truck loads)
A 72
B 102
C 41

The company has 3 gravel pits located in town W, X and Y. The gravel required by the
construction projects can be supplied by three pits. The amount of gravel, which can be
supplied by each pit, is as follows:

Plant WlX|Y
Amount available (truck loads) | 76 | 82 | 77

The company has computed the delivery cost from each pit to each project site. These
costs are shown in the following table.

Project Location
A B C
/4 Rs. 4 Rs. 8 Rs. 8
Pit | X Rs. 16 Rs. 24 Rs. 16
Y Rs. 8 Rs. 16 Rs. 24

Schedule the shipment from each pit to each project in such a manner so as to minimize
the total transportation cost within the constraints imposed by pit capacities and project requirements.
Find the minimum cost. Is the solution unique? if it is not, find alternative schedule.

A company has three warehouses in cities 4, B and C. These warchouses have the
following quantities of the product in stock:

Distributorships: A B C

Capacity: 100 units | 80 units | 80 units
The four customers have the demands as follows:

(1) 60 units, (2) 120 units,  (3) 50 units (4) 40 units.
If cost is 20 paise per km. to transport this product from a distributor to customer. The
distance between warehouses and customers can be obtained from a map or suitable route
tables as follows:
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Customer

1 2. 3 4
A {270 230 310 600

Warehouse B | 100 450 400 320
C [ 300 540 350 570

Which warehouse should deliver how much product to which customer so that the total
transportation cost becomes a minimum?

A company produces a small component for an industrial product and distributes it to
five wholesalers at a fixed delivered price of Rs. 2.50 per unit. Sales forecasts indicate
that monthly deliveries will be 3,000, 3,000, 10,000, 5,000 and 4,000 units to wholesalers
1, 2, 3, 4, and 5 respectively. The monthly production capacities are 5,000, 10,000 and
12,5000 at plants 1, 2 and 3 respectively. The direct costs of production of each unit are
Rs. 1.00, Rs. 0.90 and Rs. 0.80at places 1, 2, and 3 respectively. The transportation costs
of shipping a unit from a plant to a wholesaler are given below:

. Wholesaler
1 2 3 4 s
"oos 007 o010 o015 o015
Plant 2108 006 009 012 014
3

0.10 0.09 0.08 0.10 0.15
Find how many components each plant supplies to each wholesaler in order to maximize
its profit.

In a transportation problem in the following table, the total demand exceeds the total
supply. Suppose that the penalty costs per unit of unsatisfied demand are Rs. 5, Rs. 3 and
Rs. 2 for destinations 1, 2, and 3, respectively. Determine the optimum solution.

5 |11 17 |10
6 (4 [6 |80
3 12 |5 |15
75 20 50

Three refineries with daily capacities 6, 5 and 8 million gallons respectively, supply three
distribution areas with daily demands of 4, 8 and 7 million gallons, respectively. Gasoline
is transported to the three distribution areas through a network of pipelines. The
transportation cost is Rs. 10 per 1000 gallons per pipeline mile. The following table gives
the mileage between the refineries and the distribution areas. Refinery 1 is not connected
to distribution area 3. Solve the TP using MODI method so as to minimize the
transportation cost.

The National Forest Service is receiving four bids for logging at three forests in
Karnataka. The three locations include 10,000, 20,000 and 30,000 acres. A single bidder
can bid for at most 50% of the total acreage available. The bids (in Rs.) per acre at the
three locations are given in the following table.

Location
1 2 3
1 520 210 570
Bidder 2 - 510 495
3 650 - 240
4 180 430 710

Find an optimum schedule for the above problem using MODI method so that the total
bidding revenue for the National Forest Service is Maximum.
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There are two origins and two destinations in a transportauon problem. The origin
availabilities are 4, 5 and requirements at the destinations are 3, 6. The transportation
costs are indicated in the following network. Solve the problem.

A firm having two sources §
D2.' The number of units av.
demand at D1 and D2 are

, and S, wishes to ship its products to two déstinatjon D, and
ailable at S,and S, are 5 and 25 respectively and the product
20 and 10 units respectively. The firm, instead of shipping

directly from sources to destinations decides to investigate the possibility of trans-

shipment. The unit transportation costs (in rupees) are given in the following table. Find
the optimal shipping schedule:

Source Destination
Availability

S 1 Sz b 1 Dz
Sl 0 2 3 4 5
Source s, 2 o[ 2124 25
Dl 3 2 0 -
Destination D2 2 2 ] 0 ~

Demand -- -- 20 10

Answers: 2. City 1 will purchase 22.5 million kWh from the network at a cost of 22,500.

3. Area 1 —4 million from refinery 1, Area 2 —» 2 million from 1, 5 million from 2, 1
million from 3, Area3 — 7 from 3. Total cost 243,000.

5. Produce 500 in period 1, with 100 units carried over to period 2; produce 600 units
in period 2, with 200 units carried over to period 3 and 180 units carried over to
period 4; produce 200 in period 3; and produce 200 in period 4. Total cost 190,040

6. (i) 33 2 93 (iv) 435 010 13 12. 515 0 10 5 shortage in 1 is 40
L@ » 12 5 0f (iv , [0 10 15 0, 12. »]20 10 501, in 1 is 40,
005 50 0 5 5 10 0
15. Transport 4 units from 0, to D,. 5 units from 0,to D2, then 3 units from 02 toD,.
16. Transport 25 units fro 52 to Dl. It increases the capacity of S2 to 55 units including

30 units as buffer stock. From S, transport 5 units to D2 , and out of 25 units
available at D \» transport 5 units to D,
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3.11 Assignment Problems

Introduction: The assignment problem is a special case of the transportation problem. In

assignment problem the objective is to assign a number of origins/workers to equal’ number of
destinations/jobs at a minimum cost or maximum profit. The i/ element c_of the effectiveness
ij

matrix represents the cost or income of assigning worker i to job j.
3.12 Formulation:
Mathematical model for an assignment problem is as follows:

n n
Optimizez= Y Y c_x_
U

i=1 j=1
Subject to the constraints

n n

3e, =3, =1
ij ij

Jj=1

i=1

and xije{O,l},foralli,je{1,2,3,....,n}
Or in tabular form we write it as
worker « job—
l 1 2 e n
1 ‘i1 G2 - - Cn
2 C21 C22 v e Czu
n €l Cn2 - - Cpp

The basic concept on optimal solution of the assignment model is that the solution remains
unchanged if a constant is added to or subtracted from any row or columns of the cost matrix.
In fact, if p, and g are constants subtracted from row i and column j, then the cost <, changes to

cj' =c,~P,~4, and the corresponding objective function is
4

n n

z =22cij’xij = ii(c,, P —qj)lii

=1 j=1 i=1 j=1

b ]
b ]
b ]
b ]
b ]

n

= - X, - X

%y Py 2
i=l j=1 i=1 Jj=1 i=1 Jj=1

=iicijxq -ipi(l)-iqj(l)

i=1 j=I i=| i=1

* there is no loss in generality in assuming that the number of workers always equal to the'number of
jobs because we can always add fictitious workers or fictitious jobs to effect this result.
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n n
= ZZcijxij - Constant = z — Constant.
i=l j=I

Thus the maximum or minimum value of Z' and z are same. This concept is used in
Hungarian method while developing an iterative method to solve the assignment problem.

3.13 Hungarian Method

Various steps involved in the computational procedure for obtaining an optimum
assignment are as follows:

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Consider a square cost matrix (if it is not square make it a square matrix by applying
dummy rows or columns with zero cost)

(i)  Reduce each row by lowest element in that row.
(ii) Reduce each column by lowest element in that column,
Examine each row of the matrix.

If a row with exactly single zero is found. Mark this zero by enrectangling ( E) and
cross out (X) all the other zeros of the corresponding column. Proceed until all the
rows have been examined. If a row with two zeros, then the choice is arbitrary.

Repeat the process for columns.

If each row and each column has one and only one marked zero, then optimum
allocation is attained which is indicated by marked positions. Otherwise go to step 4

Draw the minimum number of lines passing through all the zeros as follows:
(i) Tick (v) rov;'s that do not have assignments.

(i)  Tick (¥') columns that have zeros in ticked rows.

(iii) Tick (v) rows that have assignment in ticked j columns.

(iv) Repeat (ii) and (iii) until the chain is completed.

(v)  Draw straight lines through all unticked rows and ticked columns.

If the minimum number of lines passing through all the zeros is equal to the number
of rows or columns, the optimum solution is attained by an arbitrary allocation in the
positions of the zeros not crossed in step 3. Otherwise go to next step.

(i) Find the smallest element not covered by any of the lines of step 4.

(ii) Subtract this from all the uncrossed elements and add the same at the point
of intersection of the two lines.

(iii) Other elements crossed by the lines remain unchanged.

Go to step 4 and repeat the procedure till an optimum solution is attained.

Note: If a particular assignment may not be permissible, then we assign a very high cost (say
o) for such assignment and proceed as usual.
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If the assignment problem is to maximize, then convert the matrix to an opportunity
loss, a matrix by subtracting each element form the highest element of the matrix.

Minimization of the resulting matrix is the same as the maximization of the original effective
matrix. In fact,

Consider an assignment problem

. Then
1<4i,jsn

n n
Max Z = Zchxij .LetK= Max{x'_j}
i=1l j=1

n n n n n n ’l. n
203 N 'S 93 YD 35 SIS 3) IR VP

i=t j=1 i=1 j=1 i=1 j=1 i=1 j=1
n n
= > > i
where M K,;;;cij 2ZasK2 X for all i,j.
Therefore Z' attains minimum if Z is maximum.
Example 1: Solve the assignment model shown below using Hungarian method

Job
Worker | 1| 2 |3| 4| §
1 3/8(2/10]3
2 8712197
3 6l 4121715
4 8|1 4|2} 3 5
5 911016 | 9 | 10
Solution:
Step 1. Consider the given square cost matrix
3 8 "2 10 3 |1
8 7 2 9 7 1
6 4 2 7 5 1
8 4 2 3 5 1
9 10 6 9 10 1
1 1 1 1 1 5]

Step 2. (i) Lowest element in the first row is 2. Subtract 2 from each element of the first row.
Lowest element in the second row is 2. Subtract 2 from each element of second
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row. Similarly subtract 2, 2 and 6 from third, fourth and fifth rows respectively.

The above matrix reduces to

1 6 0 8 1 |1
6 5 0 7 5 |1
4 2 0 5 3 |1
6 2 0 1 3 |1
3 4 0 3 4 |1
1 1 1 1 1 5]

Similarly subtracting lowest elements 1, 2, 0, 1 and 1
columns respectively from their elements we get

0 4 0 7 o |1
5 3 0 6 4 1
3 0 0 4 2 |1
5 0 0 0 2 1
2 2 0 2 2 |1
1 1 1 1 1 5]

of first, second, third, fourth and fifth

Step 3. Second row has exactly single zero in column 3. Marking this zero as EI and crossing

out all other zeros in the column 3, we get

0 4 X 7 0o |1
5 3 [o] 6 4 {1
3 0 x 4 2 |1
5 0 x 0 2 |1
2 2 X 2 2 1
1 1 1 1 1[5
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Now we observe that third row has exactly one in column 2, thus marking this
enrectangling this zero and crossing all the other zeros in the column 2, we get

0 4 X 7 0 1

5 3 [0] | .6 4 1

1 1 1 1 1 [5]

The row 4 contains only one zero in column 4, enrectangle this and discarding other
zeros in the column 4.

1 1 1 1 1 5]

No row with exactly one zero appear. First row contains two zeros in column 1 and
column 5. Choosing arbitrarily say column 1, following the above steps by marking zero in the
first column and crossing the zero in the column 5, we get

[o] 4 x 7 x 1
5 3 [0] 6 4 1
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The row 4 has no assignment, thus optimum allocation is not attained. We £0 to next
step.

Step 4.

@) Tick (v') rows that do not have assignments,

[o] 4 x 7 x

5 x X m 2

2 2 X 2 2 v

(i)  Tick(v)columns that have zeros (marked by X) in ticked rows.
v

[o] 4 x 7

2 2 X 2 2 v

(iii)  Tick (¥') rows that have assignment in ticked J columns.
7

S| o« | =« | 7 | «
s | 3 | 0] 6 | 4 |v

5 x x o] 2

2 2 X 2 2 v

Now no other row remains to repeat the ticking.

@iv) Draw minimum straight lines through all un-ticked rows and ticked columns.
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a ol 4 2
Py ol »
- X l U I r4
2 2 k 2 2 v

Step 6. (i) The smallest element not covered by any of the lines is 2.

(i) Subtracting 2 from all the uncrossed elements and adding the same at the point of
intersection of the two lines, keeping other elements crossed by the lines remain
.. -unchanged, we get

ol
=

»
3]

2 (e} .
J vy - y4
a. | o | a
o P4 I U -
0 0 K 0 0 4
New table is Table — 1
T
0 4 2 7 0
3 1 0 4 2
3 0 2 4 2
5 (1} 2 0 2
0 0 0 ()} 0
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Step 7. Repeating the step 3 we get.

[0] 4 2 7 x

| | - | @

Now, since each row and each column has one and only one assignment, an optimal
solution is reached. The optimal %Fl@man is:

Worker | Assign to the job
1 1
2 3
3 2
4 4
5 5

The minimum total cost willbe z=3+2+4+3+5=17.

Example 2. A computer center has got three expert programmers. The center needs three
application programs to be developed. The Head of the computer center, after studying
carefully the programs to be developed, estimates the computer time in minutes required
by the experts to the application programs as follows:

Programs
A B C
120 100 80
Programmers 2 | 80 90 110
3 110 140 120

Assign the programmers to the programs in such a way that the total computer time
is least.

Solution:

120 | 100 | 80
80 | 90 | 110
110 | 140 | 120

Subtracting the row minima and column minima from their respectively rows and
columns we get

40 (20| O
0 {1030
0 (30710
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Choosing a zero in a row, discarding other zeros in the column and repeating the process
for other columns and rows we get

40 2 (o]
o] 10 30
X 30 10

The row 3 has no zero cells. Thus choosing the row 3 and the column 1 at which the mark
x appears in the row 3. Further choose second row as it contains zero in column 1. Drawing
minimum number of lines so as to cover all the rows not marked and marked columns, we get

v

4Q 20 fo]

[oi] 107301

x 30 10 v

The minimum in the remaining cells not covered by the lines is 10. Adding 10 the cells
of intersection of the lines and subtracting 10 from each of the cells not covered by the lines we

get.

50 20 0
0 0 20
X 20 0

Repeating the process for this new matrix we have

50 20 [o]
x o] 20
(o] 20 x

This matrix contains exactly one marked zero in each row and in each column. Hence the
optimal solution is reached.
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The optimal solution is: Assign programmer 1 to program 3, programmer 2 to program 2
and programmer 3 to program 1.

~ |- |80
—- too| -
110 | - | -

The minimum time is z = 80 + 90 + 110 = 280 minutes.

Example 3. The following figure gives a schematic layout of a machine shop with its
existing work centers designated by squares 1, 2, 3 and 4. Four new work centers are to
be added to the shop at the locations designated by circles a, b, c and d. The objective is to
assign the new centers to the proposed locations in a manner that will minimize the total
materials handling traffic between the existing centers and the proposed ones. Solve the
problem using Hungarian method (units along the axis indicate the distance).

70

50 3
40 2
30
20 4
10 1
0 ] T ] T T T 1
= &8 88 8 88 g8 =
Solution: Given problem in tabular form is
a b c d
1 50 45 9 2l
2 30 25 50 60
3 60 45 20 50
4 % 45 50 20

Subtracting row minima we get:
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10 5 50 - 0
5 0 25 35

40 25 0 30

70 25 30 0

Subtracting column minima we get.

5 5 50 0
0 0 25 35
35 25 0 30
65 25 30 0

First iteration:

-7 25 [0} 30—
65 25 30 % v

Minimum in the cells not crossed by the lines is 5. Hence subtracting 5 from each of the cells
not crossed by the lines and adding S to the intersections of the lines we get.

[o] 5 45 x
x E] 25 40
35 25 o] 40
60 20 25 o]

Since each row and each column contains exactly one marked zero, an optimum assignment if
reached. Optimum solution is 1> a,2 — b,3 — cand 4 — d. The total minimum distance is
Z=50+25+20+20=105.
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Example 4. The owner of a small machine shop has four machinists available to assign to
jobs for the day. Five jobs are offered with expected profit for each machinist on each job
as follows:

A|lB|CI|D |E
62178 | 50 | 101 | 82
71184 ]| 61 |73 |59
92 1111 | 71 | 81
48 |64 | 87 | 77 | 80

P L
o
~

Find the assignment of machinists to jobs that will result in a maximum profit. Which
job should be declined?

Solution: Given AP in tabular form is :

62 78 50 101 82
n 84 61 73 59
87 92 m n 81
48 64 87 7 80

Since the given problem concerns maximizing profit, we convert it into that of minimization by
subtracting all the elements of the profit matrix from the largest element. The largest element is
111. Also we add a dummy row to balance the problem (as number of rows is not equal to the
number of columns).

49 33 61 10 29
40 27 50 k 52
24 19 0 40 3
63 47 AU 34 3

0 [] (] (] 0

First iteration: Subtracting row minima from each row we get,

3 23 s1 o] 19
13 Co] 2 n 25
24 19 [0 ' 30
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Drawing minimum number of lines so as to cover all marked zero we get,

v
| = |
39 3 s Loy 19
| oo |

15 | v | dag iX pAg

u 19 ] 40 3 v

39 23 b 10 7 v
[ L i X B X X

Minimum in the cells not crossed by the lines is 7. Subtracting 7 from each cells not
covered by the lines and adding the same to the cells of intersection of the lines we get,

39 23 58 0 19
13 0 3 11 25
17 12 0 33 23
32 16 [ 3 0
0 0 7 0 0

Second iteration: Repeating the process, we get

39 23 58 o] 19
13 [o] 3 1 25
17 12 ] 33 23
32 16 x 3 [o]
o] x 7 x x

Since each row and each column has exactly one marked zero, as optimal solution is reached.
The optimal solutionis 1 - D, 2 -5 B,3 = C, 4 > E . Job A should be declined as it
corresponds to the dummy row. The maximum profit according to this assignment schedule
will be 376.
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3.14 Travelling Salesman Problem

Travelling salesman problem is very similar to the assignment problem. In Travelling salesman
problem (TSP), there is an additional restriction that a salesman who starts from the office
should return back to the office to report by visiting all the assigned places or works. This can
be achieved just by modifying the final iteration in the assignment problem. The rows and
columns correspond to the places, each entry in the matrix corresponds to distance (if the
object is to minimize distance), cost (if the object is to minimize cost), time (if the object is to
reduce time), etc., between the places.

Example 1. Solve the following travelling salesman problem so as to minimize the cost per
cycle.

F To
A|B|CI|DI|E
A -13]16|213
B 3|-151213
C 6{5|-1614
D 21216!l- 16 MANGALORE
E - 313i416/{- 575 G01.
Solution: Given TSP is
o0 3 6 2 3
3 - [ 2 3
6 [ o 6 4
2 2 [ oo 6
3 3 4 6 -

First iteration: Subtracting row minima from each row we get,

=3 1 4 0 1
1 L) 3 0 1
2 1 oo 2 0
0 0 4 co 4
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Subtracting column minima from each column and drawing minimum number of lines so as to
cover all marked zero we get,

I
oo 1 3 | ;E ' 1 v
l oo 2 + ¢ 1 v
2 T % o
LA | X 3 o L ]
a1

Minimufn in the cells not crossed by the lines is 1. Subtracting 1 from each cells not
covered by the lines and adding the same to the cells of intersection of the lines we get,

oo m 2 X X
x oo 1 m x

o] x 3 - 4
X X m 4 oo

Since each row and each column contains exactly one marked zero, an optimal solution is
reached. Optimal solution is A - B,B - D, D - A, C - E, and E — C. This assignment
schedule does not provide us the solution of traveling salesman problem as it gives A — B, B
— D, D - A, while D is not allowed to follow A unless C and E are processed.

Second iteration: We now find the next minimum element in the matrix (non-zero). The next
minimum value is 1. So we try to bring 1 into the solution. But the element 1 occurs at two
places. We shall consider all the cases separately until the acceptable solution is reached.

oo 0 2 0 X
X oo l 'l_ll 0 X
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We start with marking an assignment at (2, 3) instead of zero assignment at (2, 4), the

resulting feasible solution then willbeA - D,D—> B,B— C,C — Eand E — A.

When an assignment is made at (3, 2) instead of (3, 5), the resulting feasible solution will
be ASE E-C,C>B,B—>Dand D —> A.

w

o]

Both the cases, the assignment gives a Hamiltonian circuit. The corresponding total set-up cost

is 21.

Example 2. A book sales person who lives in A must call once a month on four customers
located in B, C, D and E. The following table gives the distances in miles among the

different cities.

A

B

C

D

E

0

500

150

350

400

500

0

450

300

200

150

450

0

200

150

350

300

200

0

200

SRR RS

400

200

150

200

0

The objective is to minimize the total distance traveled by the salesperson. Solve this
problem using Hungarian method.

Solution: Given problem is

A B C E
A o 500 150 350 400
B 500 oo 450 300 200
c 150 450 oo 200 150
D 350 300 200 200
E 400 200 150 200 o
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After subtracting row minima and column minima, and, choosing the initial basic cells we get,
v v

o 300 ['j:l 150 ZLD v

0 | e 2% 50 51 |~

(200 .
150 50 P o k v
280 | A X X B0

Minimum in the cells not covered by the lines is 50, thus adding 50 to the cells of intersection
of lines'and subtracting from the cells not covered by the lines we get,

) 2% 0 100 250
250 o 250 0 0

0 250 ) 0 50
100 0 0 o 0
250 0 50 0 o

Second iteration:
Repeating the process for the new table we get,

250 x 50 ] o

Since each column and each row contains exactly one marked zero the optimal assignment
is reached.
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Optimal solution is: A = C, C = A, B = E, E —» D, D — B. Thus the assignment is not
cyclic. To get a cyclic assignment we now find the next minimum (non-zero) value that is 50 in
the table. There are two choices for 50 and four different possible cases to consider, they are:

Case 1: Replacing (5, 3) by (5,4): there are three sub cases: they are

Sub case 1:

Sub case 2:

Sub case 3:

o 250 [} 100 250
o 500 150 3% 400
250 - 250 0 o]
500 o 450 300 200
o] 250 w 0 50
150 450 o 200 150
100 [0 ] 0 w 0
350 300 200 o 200
250 0 #50¢ o] o
400 200 150 200 0
Schedule is A >D—B—E—C—A: cost of the schedule is 1150.
w 250 Lo] 100 250
o 300 130 350 400
250 o 250 0 o]
500 [} 450 300 200
[o] 290 w 0 50
150 430 (] 200 150
100 [d.] 0 e ()}
3s0 300 200 0 200
250 0 5 o] o
400 200 150 200 ]
Schedule is: A»B—D—E—C—A: cost of the schedule is 1300
- 250 Lo} 100 250
0 500 150 350 400
250 - 250 0 o]
500 [ 450 300 200
&7 750 = o 50
150 450 [\] 200 150
160 o] 0 oo 0
3% 300 200 o 200
250 0 Vso [~ o
400 200 150 200 ]

Schedule is A—-»B—E—C—D—A: cost of the schedule is 1400
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o 250 o] 100 250
[ 500 150 350 400
250 - 250 o >oY]
500 [} 450 300 200
I ] 250. 00, D. 50
T 1% 430 0 200 150
160 =] 0 w 0
350 300 200 o 200
250 50 o] w
400 200 150 200 o

Schedule is A5>C—E—B—D—A: cost of the schedule is 1150 (this is just a reverse
Hamiltonian cycle obtained in sub case 1 of case 1).

Conclusion: The optimum value of the schedule is thus 1150, and the optimum solution is the
schedule is A>C—2E—B—D—A (or reverse).

Example 3: Find the minimal Hamiltonian circuit of the following graph using
Hungarian method

Solution: Given problem in matrix form is

A B C D E
A oo 5 4 5 8
B 5 oo 2 2 3
C 4 2 oo 3 5
D 5 2 3 oo 2
E 8 3 5 2 o




